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Single-step is strong now, but …
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Adapted from Ignacy Misztal - UGA Symposium - April 8-9, 2025

The path was not very easy…but it was appealing



Single-step developments - UGA
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• Compatibility between G and A22

• UPG/Metafounders
• APY for large-scale evaluations
• Including MACE information
• Reliability methods
• Indirect predictions
• Reliability of Indirect predictions
• ssGWAS for any population size
• Multi-trait threshold models
• Methods for VCE in large populations

• GPP
• MCssGREML

• Efficient algorithms



Case study
• Multiple categorical traits related to health

• Some organizations use single-trait threshold models

• Other organizations use multi-trait linear models

• Why not using multi-trait threshold models?

• No theory for multi-trait threshold models under BLUP and ssGBLUP
• Large-scale routine evaluations

• Gibbs Sampling: not suitable for routine evaluations and large data

Let’s develop it!



Solving a 30-year-old issue
• No theory for multi-trait threshold models under BLUP and ssGBLUP

• Large-scale evaluation of multiple categorical traits
Figure 1. Viewing categorical traits 

under the threshold theory

• Solution: Maximum a posteriori (MAP)
• Newton-Raphson
• Expectation-Maximization

Optimization method: find the single point 
value �θ or �𝛉𝛉 that maximizes the posterior 

probability



Multi-trait threshold-linear models
• Model
𝐥𝐥
𝐲𝐲2
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• Joint log-likelihood
𝐿𝐿 𝐲𝐲1, 𝐲𝐲2,𝛉𝛉 = 𝐿𝐿 𝐲𝐲1|𝐲𝐲2,𝛉𝛉 + 𝐿𝐿 𝐲𝐲2|𝛉𝛉 + 𝐿𝐿 𝛉𝛉

• Newton-Raphson

𝛉𝛉𝑗𝑗+1 = 𝛉𝛉𝑗𝑗 − 𝐇𝐇 𝑗𝑗 −1∇ 𝑗𝑗

𝐖𝐖′�𝐑𝐑−1𝐖𝐖 + 𝐒𝐒 𝛉𝛉𝑗𝑗+1 = 𝐖𝐖′�𝐑𝐑−1 �𝐲𝐲

• Expectation-Maximization

calculate �𝐲𝐲 and �𝐑𝐑−1at each iteration
Solve the MME until convergence 

𝑄𝑄 𝛉𝛉 �𝛉𝛉𝑗𝑗 = 𝐿𝐿 𝒍̃𝒍|𝐲𝐲2,𝛉𝛉 −
1
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Σ𝑖𝑖=1𝑛𝑛 1

𝜎𝜎𝑖𝑖2
𝑉𝑉𝑉𝑉𝑉𝑉 𝑙𝑙𝑖𝑖 + 𝐿𝐿 𝐲𝐲2|𝛉𝛉 + 𝐿𝐿 𝛉𝛉

 E-step

 M-step

argmax𝛉𝛉 𝑄𝑄 𝛉𝛉 �𝛉𝛉𝑗𝑗 = argmax𝛉𝛉 𝐿𝐿 𝒍̃𝒍|𝐲𝐲2,𝛉𝛉 + 𝐿𝐿 𝐲𝐲2|𝛉𝛉 + 𝐿𝐿 𝛉𝛉

At each iteration, calculate 𝒍̃𝒍𝑖𝑖 for each animal with records
Solve a regular MM using 𝒍̃𝒍, 𝐲𝐲2  as phenotypes 

• Difference from linear models: Phenotypes and residual 
covariances are modified every iteration of NR or EM

• Maximize 𝐿𝐿 𝐲𝐲1,𝐲𝐲2,𝛉𝛉 to obtain 𝛉𝛉 



Multi-trait threshold-linear models

𝒍𝒍𝑖𝑖: vector of unobserved liabilities for the categorical traits for the ith animal 

• Consider all categorical traits jointly, so the joint probability:

𝑃𝑃𝑘𝑘 = 𝑃𝑃 𝒕𝒕𝑘𝑘−1 < 𝒍𝒍𝑖𝑖 ≤ 𝒕𝒕𝑘𝑘 = ∫𝑻𝑻𝒌𝒌 𝝓𝝓 𝒍𝒍𝑖𝑖;𝝁𝝁𝑖𝑖 ,𝚺𝚺𝑖𝑖 𝑑𝑑𝒍𝒍𝑖𝑖  

Lower thresholds
Upper thresholds

MVN evaluated at 𝒍𝒍𝑖𝑖 

• Example: 
• Two categorical traits (with 2 and 3 categories)
• Each animal has 6 possible joint observations (6 possible probabilities)
• 𝑃𝑃2,3 is the probability of recording the second and third categories for the first and second traits, in the same animal 



Multi-trait threshold-linear models - Simulation

• Solution: Maximum a posteriori (MAP)
• Newton-Raphson
• Expectation-Maximization

• 1.8 M animals
• 30 min in the paper
• 4 min now

2 categories 3 categories Continuous

• CE for CDCB (Andres + Simone)
• 23M records
• 17.7M animals in ped
• 965k genotyped (39k core)
• 29 hours



Reliability of GEBV in threshold models
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• Reliability of GEBV from multi-trait threshold models

Alvarez-Munera 
et al. 



Reliability of GEBV in threshold models
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• Reliability of GEBV from multi-trait threshold-linear models

Alvarez-Munera 
et al. 



VCE for large populations I - GPP

Misztal et al. (2023)
Misztal and Gowane (2025)

Gowane et al. (accepted)

�𝑢𝑢 = GEBV 𝑦𝑦 − 𝑋𝑋𝛽̂𝛽

�ℎ2 =
𝑐𝑐2 + 𝑐𝑐4 + 4𝑐𝑐2𝑀𝑀𝑒𝑒/𝑁𝑁𝑟𝑟𝑟𝑟𝑟𝑟

2

Nref – animals in reference population
Me – Independent chromosome segments, ~15k in dairy cattle

Predictivity:  𝑐𝑐 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑦𝑦 − 𝑋𝑋𝛽̂𝛽, �𝑢𝑢

GPP = Genetic Parameters via Predictivity



VCE for large populations - GPP
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Misztal et al. (2023)
Misztal and Gowane (2025)

Gowane et al. (accepted)
�𝑢𝑢𝑖𝑖 = GEBV 𝑦𝑦𝑖𝑖 − 𝑋𝑋𝛽̂𝛽𝑖𝑖

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖  =
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑦𝑦𝑖𝑖 − 𝑋𝑋 �𝛽𝛽𝑖𝑖 , �𝑢𝑢𝑗𝑗

ℎ𝑖𝑖 𝑎𝑎𝑎𝑎𝑎𝑎𝑗𝑗

�𝑢𝑢𝑗𝑗 = GEBV 𝑦𝑦𝑗𝑗 − 𝑋𝑋𝛽̂𝛽𝑗𝑗

• Estimation over time



Method II: MCssGREML
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• Simulation for single-step GBLUP

• Approximation of log-determinants for the likelihood

• Monte-Carlo REML



Algorithms + computing efficiency
• Update algorithms to avoid bottlenecks

• APY
• Iteration on memory
• Parallel computing
• Memory mapping

16h 48m 679.68 GB

• 53M animals in pedigree
• 50M records – milk, fat, and protein
• 1.9M genotyped animals
• APY ssGBLUP (41k core)
• > 350M equations

Cesarani et al. (2022): 72 hours for blup90iod2



Take-home messages

• Adapted to virtually any model and data (including very large populations)
• Reasonable computing cost

• Multi-trait threshold (threshold-linear) models' issue is solved
• Feasible for routine evaluations
• GEBV and reliability

• Variance components for large genotyped populations
• MCssGREML and GPP for linear models

• More developments are coming soon…



It takes a team of dedicated people
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and collaborators



Solving a 30-year-old issue
• Solution: Maximum a posteriori (MAP):

• Bayes' Theorem
• Find the most likely value for an unknown parameter given the data we just observed



VCE for large populations - GPP
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• GPP:   Genetic parameters via predictivity 

Production Trait 
h2 = 0.4

Large data

Fitness Trait 
h2 = 0.1

Large data



VCE for large populations - GPP
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• GPP:   Genetic parameters via predictivity 

Correlation 
(prod, fit)
Large data

GPP seems to work well 
with large data!



MC-ss-GREML Algorithm
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1. Solve the ssGBLUP MME using iteration on data (Schaeffer and Kennedy, 1986; Misztal and Gianola, 1986)

2. Calculate quadratic forms

3. For s Monte Carlo samples, simulate random effects, residuals, and phenotypes, and solve the MME using such data

4. Approximate traces

5. For AI-MC-REML, calculate the Average Information matrix

6. Obtain new estimates for variance components

7. Approximate the log-likelihood and calculate CV logL

8. Finish the iteration if Δ𝛉𝛉 < 𝑡𝑡1 or CV logL < 𝑡𝑡2



MC-ss-GREML tests

ssGREML MC-ssGREML
Rounds 21 19

Memory (GB) 105.5 1.1
Running time 6.5 days 22 hours

• 100k animals in the pedigree
• 10k genotyped
• Direct and maternal effects
• 33k phenotypes

• BW, WW, PWG
• 14 parameters

• 7M animals in the pedigree
• 331k genotyped
• Direct and maternal effects
• 5.8M phenotypes

• BW
• 4 parameters

ssGREML MC-ssGREML MC-REML
Rounds NA 11 11

Memory (GB) NA 53.5 14.3
Running time NA 5 days 9.9 hours
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