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Background: The Wiggans (1986) Model
• Let 𝑦𝑦𝑖𝑖𝑖𝑖 denote the proportional daily yield of the j-th milking for the i-th

cow, and 𝑡𝑡𝑖𝑖𝑖𝑖 represent the corresponding milking interval (h). 

𝑦𝑦𝑖𝑖𝑖𝑖 = 𝛼𝛼𝑗𝑗 + 𝛽𝛽𝑡𝑡𝑖𝑖𝑖𝑖 + 𝑒𝑒𝑖𝑖𝑖𝑖
where 𝛼𝛼𝑗𝑗 is the intercept for milking j, 𝛽𝛽 is the common regression 
coefficient across all three milkings, and 𝑒𝑒𝑖𝑖𝑖𝑖 is the residual effect.  

• A posteriori adjustment of the intercepts:
∑𝑗𝑗=13 �𝛼𝛼𝑗𝑗 = 1.
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Critics of the Wiggans (1986) Model

• Biological impossibility: 𝑦𝑦𝑖𝑖𝑖𝑖 = 𝑎𝑎𝑗𝑗 > 0 when 𝑡𝑡𝑖𝑖𝑖𝑖 = 0.

• The intercept equality constraint, ∑𝑗𝑗=13 �𝛼𝛼𝑗𝑗 = 1, imposed after 

model fitting does not minimize the residual sum of squares. 

• Mathematically, ∑𝑗𝑗=13 �𝛼𝛼𝑗𝑗 = 1 has no unique solutions, because it 

has three unknown parameters in a single equation. 

3



4

Re-parameterized Least Squares (RLS)
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𝛼𝛼3 = 1 − 𝛼𝛼1 − 𝛼𝛼2

𝑦𝑦𝑖𝑖𝑖𝑖 = 𝑎𝑎1𝑥𝑥𝑖𝑖1 + 𝛼𝛼2𝑥𝑥𝑖𝑖2 + 1 − 𝛼𝛼1 − 𝛼𝛼2 𝑥𝑥𝑖𝑖3 + 𝛽𝛽𝑡𝑡𝑖𝑖𝑖𝑖 + 𝑒𝑒𝑖𝑖𝑖𝑖
= 𝑥𝑥𝑖𝑖1 − 𝑥𝑥𝑖𝑖3 𝑎𝑎1 + 𝑥𝑥𝑖𝑖2 − 𝑥𝑥𝑖𝑖3 𝛼𝛼2 + 𝑥𝑥𝑖𝑖3 + 𝛽𝛽𝑡𝑡𝑖𝑖𝑖𝑖 + 𝑒𝑒𝑖𝑖𝑖𝑖

𝑦𝑦𝑖𝑖𝑖𝑖 − 𝑥𝑥𝑖𝑖3 = 𝑥𝑥𝑖𝑖1 − 𝑥𝑥𝑖𝑖3 𝑎𝑎1 + 𝑥𝑥𝑖𝑖2 − 𝑥𝑥𝑖𝑖3 𝛼𝛼2 + 𝛽𝛽𝑡𝑡𝑖𝑖𝑖𝑖 + 𝑒𝑒𝑖𝑖𝑖𝑖

𝑦𝑦𝑖𝑖𝑖𝑖∗ = 𝑥𝑥𝑖𝑖1∗ 𝛼𝛼1 + 𝑥𝑥𝑖𝑖2∗ 𝛼𝛼2 + 𝑡𝑡𝑖𝑖𝑖𝑖𝛽𝛽 + 𝑒𝑒𝑖𝑖𝑖𝑖



Constraint least squares (CLS)

𝑦𝑦𝑖𝑖𝑖𝑖 = 𝛼𝛼𝑗𝑗 + 𝛽𝛽(𝑡𝑡𝑖𝑖𝑖𝑖 − 8) + 𝑒𝑒𝑖𝑖𝑖𝑖
Subject to:

  ∑𝑗𝑗=13 �𝛼𝛼𝑗𝑗 = 1
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Matrix Notation

𝐲𝐲 = 𝐗𝐗𝐗𝐗 + 𝐞𝐞

 𝐗𝐗 =
1 0
0 1

0 𝑡𝑡𝑖𝑖𝑖 − 8
0 𝑡𝑡𝑖𝑖𝑖 − 8

0 0
⋮ ⋮

1 𝑡𝑡𝑖𝑖𝑖 − 8
⋮ ⋮

; 𝐛𝐛 =

𝛼𝛼1
𝛼𝛼2
𝛼𝛼3
𝛽𝛽
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Equality Constraint on the Intercepts

𝐜𝐜𝐜𝐜 = 𝑑𝑑 ∑𝑗𝑗=13 �𝛼𝛼𝑗𝑗 = 1.

where 𝐜𝐜 = 1 1 1 0  and 𝑑𝑑 = 1. 

 𝐛̂𝐛 = 𝐛̂𝐛0 − 𝐗𝐗′𝐗𝐗 −1𝐜𝐜′ 𝐜𝐜 𝐗𝐗𝐗𝐗𝐗 −1𝐜𝐜′ −1 𝐜𝐜𝐛̂𝐛0 − 𝑑𝑑

where 𝐛̂𝐛0 = 𝐗𝐗′𝐗𝐗 −1𝐗𝐗′𝐲𝐲 is the unconstrained OLS estimator.
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Assume “Perfect” Linearity

𝑦𝑦 𝑡𝑡 = 𝑡𝑡
24

 𝑎𝑎1 = 𝑎𝑎2 = 𝑎𝑎3 = 1/3 ≈ 0.333

 𝛽𝛽 = 𝑑𝑑𝑑𝑑 𝑡𝑡
𝑑𝑑𝑑𝑑

= 1
24
≈ 0.0417
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3× Milking Data

• Milking data were collected from 2023 to 2025 at four 3× milking Holstein dairy 
farms (A, B, C, and D) across three U.S. states. 

• Milkings were classified by start time: 
 1 (02:00 to 09:59 h); 2 (10:00 to 17:59 h); 3 (18:00 to 01:59 h). 

• Milkings were recorded weekly for each cow up to 120 days in milk, then 
monthly until 305 days or the end of lactation. 

• Data cleaning removed duplicate, missing, and incomplete records, leaving 
15,702 × 3 (A), 13,574 × 3 (B), 8,515 × 3 (C), and 10,821 × 3 (D) records. 
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Estimated Model Parameters
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• CLS = constrained ordinary 
least squares; 

• RLS = reparameterized CLS;
• WLS0 = Wiggans (1986) 

model fitted to historical 
data;  

• WLS1 = Wiggans (1986) 
model fitted to current 
data.

• Values in the table are 
means across ten replicates.



Accuracy of Estimated Daily Yields

• Correlation = correlation 

between the estimated and 

actual daily yields; 

• MAE = mean absolute error 

of the estimated yield; 

• MSE = mean squared error 

of the estimated yield. 
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Aftermath
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Decomposition of Error Variance
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Using multiple-day average
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Take-Home Messages
• The re-parameterized model is biologically more intuitive 

and mathematically self-contained.
• Biological variation in proportional yields is the primary 

constraint on achieving attainable accuracy, whereas 
parameter estimation-induced variance is negligible. 

• The accuracy of estimated daily yields can be effectively 
improved by utilizing multiple-day pooling or average. 
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